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We consider the solution of the variational problem of defining the 
form of a narrow fin of least cross-sectional area for the convention 
dissipation of a given heat flux. The effect of certain parameters on 
the optimum shape of the fin is analyzed. 

The  o p t i m i z a t i o n  of f i n s  fo r  c o n v e c t i v e  h e a t  t r a n s -  
f e r  was  the  s u b j e c t  of s e v e r a l  p a p e r s  [ 1 - 3 ,  6]. I t  was  
s h o w n  t h a t  f i n s  of v a r i a b l e  t h i c k n e s s  e n s u r e  a g r e a t e r  
r a t e  of h e a t  r e m o v a l  t han  r e c t a n g u l a r  f i n s ,  and  the  
p r o f i l e s  of s u c h  f ins  w e r e  d e t e r m i n e d  on  c e r t a i n  a r b i -  
t r a r y  a s s u m p t i o n s .  In t h i s  p a p e r  we c o n s i d e r ,  a s  a 

f o l l o w - u p  to [4], t he  w e i g h t  o p t i m i z a t i o n  of s t r a i g h t  
f i n s  c o o l e d  b y  c o n v e c t i o n .  

L e t  us  c o n s i d e r  t he  c r o s s  s e c t i o n  of a n a r r o w  f in  
h e a t e d  a t  i t s  r o o t  OA (Fig.  l a ) .  T he  s h a p e  OAB of t h i s  
f in  y i e l d i n g  the  m i n i m u m  c r o s s - s e c t i o n a l  a r e a  i s  r o b e  
d e t e r m i n e d  fo r  a g i v e n  inpu t  h e a t  f lux Q0 and  t e m p e r a -  
t u r e  To. The  e f f e c t  of v a r i o u s  f a c t o r s  on  the  l e n g t h  and  
the  a r e a  of the  c r o s s  s e c t i o n  of the  f in  is  a l s o  to be  
e s t a b l i s h e d .  The  i n p u t  e q u a t i o n s  a r e  t h o s e  of t h e r m a l  
c o n d u c t i v i t y  and  of h e a t  t r a n s f e r  p e r  u n i t  of f in  l eng th :  

dT  
Q = 2~,y d--~'  (1) 

dQ 
- - 2 u ( T - - T m )  ~/1 + y'L (2) 

dx 

The  b o u n d a r y  c o n d i t i o n s  a r e :  

x = 0 ,  Q=Q0 ,  T = T 0 ;  

x = L, Q = O, T = TL, Y = Ymin. 

The area of the fin cross section is 

L 
F = - - 2  S gdx. 

0 

L e t  u s  u s e  d i m e n s i o n l e s s  v a r i a b l e s  d e f i n e d  by  t he  
r e l a t i o n s h i p s :  

Q T - - T m  x 
' q = Q o  ; O =  T o _ T  m ; z =  Q o / 2 a ( T _ T ~  ) 

g F 
/ . . t ~  ; [ =  

Q2/4~, ~ ( T  O _ _  T r  n )2 Q3/8{z2~, ( T  o _ T m  )3 

(3) 

Since a narrow fin is considered, y' may be neglected 

as small in comparison to the unit in formula (2). This 

necessitates the fulfillment of the condition 

y,2<< 1. (4) 

E q u a t i o n s  ( 1 ) - ( 3 )  w r i t t e n  in d i m e n s i o n l e s s  f o r m  a r e :  

1968 

dO 
q = u d~-' (5) 

dq 
~ - z  = 0 ,  (6) 

l 
f = - -  2 ~ udz, (7) 

0 

w h e r e  for  z = 0, q = l ,  and  0 = 1; f o r  z = l ,  q = 0, 0 = 

= 0 l, a n d u  = U m i  n. 
M a t h e m a t i c a l l y  the  p r o b l e m  is  f o r m u l a t e d  thus :  we 

h a v e  to f i nd  t h a t  f u n c t i o n  u = u(z)  w h i c h  would r e d u c e  
f u n c t i o n a l  (7) to i t s  m i n i m u m ,  and  t h e n  s o l v e  Eqs .  (5) 
and  (6) f o r  the  d e r i v e d  f u n c t i o n a l  r e l a t i o n s h i p  u = u(z) .  

To s o l v e  t h i s  p r o b l e m  we u s e  P o n t r y a g i n ' s  m a x i -  
m u m  p r i n c i p l e  [5]. We e x p r e s s  the  t e m p e r a k l r e  a, the  
c o o r d i n a t e  z, and  the  a r e a  f s i m i l a r l y  to [4] in t e r m s  
of the  v a r i a b l e  q: 

dO q 
dq u6  ' (8) 

du = d qq, (9) 
0 

0 

f = - -  2 C udq (10) 
2 o 
! 

We c o n s t r u c t  f o r  t h i s  s y s t e m  the  H a m i l t o n  f u n c t i o n  
( see  [5]) 

q __422 u (11) H - - , ~  - ~ -  o ' 

/.2 

/~o L 
/ /  O.2 

a4 

~q 

-z~ 

0 az/ 0.8 /.2 /.8 z 

Fig. I. Profiles of narrow fins for vari- 

ous temperatures of the fin tip, and the 

outline (a) of an optimum fin. (Numerals 

indicate values of 01 for each curve. Rec- 

tangular parts of fins for Umi n = 0.5 and 

Umi n = 0.2 are indicated by dashedlines.) 
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w h e r e  

d 41 - -  OI-~ = ~I 
dq 0 0 

2u (12) 
~ q  _ ~  0--- ~ ;  tt 0 ~ 

d ~  _ OH O. (13) 
dq Oft 

F o r  func t iona l  (10) to r e a c h  i t s  m i n i m u m  i t  is  n e c e s -  
s a r y  a c c o r d i n g  to [5] that  in the d o m a i n  of a c c e p t a b l e  
v a l u e s  of u the H a m i l t o n i a n  H a t ta in  i t s  m a x i m u m  with 
r e s p e c t  to u fo r  any a r b i t r a r y  0 and r Th i s  d o m a i n  
c o n s i s t s  of a l l  u > Umi n. 

It wil l  be s e e n  f r o m  (13) that  funct ion  r = cons t .  
F r o m  the condi t ion  of e x i s t e n c e  of a m i n i m u m  of func -  
t iona l  (10) i t  fo l lows  that  r -> 0, and f r o m  the t r a n s -  
v e r s a l i t y  and the bounda ry  condi t ions  we have ,  r e -  
s p e c t i v e l y ,  r = 1 fo r  q = 0, and u = Umi n. It fo l lows  
f r o m  (11) that  H can  a t ta in  i ts  m a x i m u m  f o r  u = Umi n, 
p r o v i d e d  

V q~t  (14) < Um~n. 2 

Hence  the o p t i m u m  shape  is  a s t r a i g h t  l ine ,  and p a r t  
of the fin i s  of a r e c t a n g u l a r  f o r m .  At a c e r t a i n  q = q* 
the inequa l i ty  s ign  in (14) i s  r e v e r s e d .  F u n c t i o n  H 
a t t a ins  i t s  m a x i m u m  at  

2u ~ 
, 1  . . . .  (15) 

q 

Th i s  equa t ion  t o g e t h e r  with Eqs .  (12) and (8) y i e ld s  
the p r o b l e m  solut ion:  

~1 = C102, (16) 

w h e r e  C1 is  the a r b i t r a r y  cons t an t  d e t e r m i n e d  f r o m  
the bounda ry  condi t ions .  

Subs t i tu t ing  (16) into (15), we obta in  fo r  the d e p e n -  
dence  of u on the d i m e n s i o n l e s s  t e m p e r a t u r e  0 that  

V Ctq O. 
u =  2 (17) 

So lv ing  t o g e t h e r  Eqs .  (17) and (8) and u s i n g  the 
boundary  condi t ions ,  we d e r i v e  the r e l a t i o n s h i p  b e -  
tween the hea t  f lux q and the  t e m p e r a t u r e  0: 

0 = [0~ + (1 - -  o~) q3/21,/3, (18) 

w h e r e  0 l is  the t e m p e r a t u r e  of the  fin tip wi th  Umi n = 
= 0. The c o o r d i n a t e s  of the f in c r o s s  s e c t i o n  a r e  d e -  
f ined  by: 

( ' d q ~  dq , (19) 
z = J - ~ -  = ~, [03 + (I - -  03) q3/21'/3 

1 1 

2q~/2 103 + (1 - -  03) q3/21'/3 (20) 
u -  1 _ 0 3  

Contours  of the f in c r o s s  s e c t i o n  c a l c u l a t e d  by Eqs .  
(19) and (20) a r e  shown in F ig .  1. 

The ana ly t i c a l  r e l a t i o n s h i p  b e t w e e n  z and u can  be  
e s t a b l i s h e d  by s e t t i ng  0 l = 0 

u = 2  1 +  , z < 0 .  

The d i m e n s i o n l e s s  length  of the f in i s  l = 2, and the 
t e m p e r a t u r e  v a r i a t i o n  a long  i t  is  l i nea r :  0 =  1 + z /2 .  

A f in  hav ing  t e m p e r a t u r e  0 l = 0 has  the l e a s t  c r o s s -  
s e c t i o n a l  a r e a  of a l l  o p t i m u m  f ins .  In fac t ,  if  we c a l -  
cu la te  the c r o s s - s e c t i o n a l  a r e a  by f o r m u l a  (10), we 
obtain  

0 
2qi/2 0 dq 8 1 (21) 

f = - - 2  (i - -  0~)0 3 1 - - O  F 
1 

Thus  a f in  whose  t ip is  m a i n t a i n e d  at  t e m p e r a t u r e  
01 = 0 has the l e a s t  c r o s s - s e c t i o n a l  a r e a .  The d e p e n -  
dence  of the a r e a  of  the f in c r o s s  s e c t i o n  on the t e rn -  
p e r a t u r e  of i t s  t ip is  shown in F ig .  2. The t h i c k n e s s  
of the  f in r o o t  and the s t e e p n e s s  u '  of i t s  s lope  a r e  
a l so  a f fec ted  by the t e m p e r a t u r e  0 l. Since q = 1 at  the 
r o o t  of the fin, the e f f e c t  of 6 l on u is  def ined,  in a c -  
c o r d a n c e  with Eq.  (20), by 

2 
u =  1--0----~" 

L e t  us d e t e r m i n e  the s l ope  u '  of the f in contour  

du du dq 1 0~q-I/2+ 2q(1--0~) 
d z -  dq d z -  1- -03  [03+(1--0~)q~/211/a " (22) 

At  the  r o o t  the s l ope  of the fin con tour  and i ts  t h i c k -  
n e s s  i n c r e a s e  with i n c r e a s i n g  0[ 

du 1 
- - = l + - -  
dz 1 --03 " 

L e t  us  v e r i f y  the l i m i t s  of app l i c ab i l i t y  of a s s u m p -  
t ion (4). F o r  s i m p l i c i t y  we a s s u m e  0 l = 0 fo r  which 
d u / d z  = 2. T r a n s f o r m i n g  to d i m e n s i o n a l  quan t i t i e s  

f 
40 / 

/ 

3.5 

3.0 ~ J J  

2.5 0..2 0.~ 0.6 e 
Fig .  2. Dependence  of the f in  
c r o s s - s e c t i o n a l  a r e a  on t e m -  
p e r a t u r e  0 l. The u p p e r  so l id  
c u r v e  is  for  Umi n = 0.5, and 
the l o w e r  one fo r  Umi n = 0.2; 
the dashed  c u r v e  r e l a t e s  to 
the idea l  o p t i m u m  fin f o r  

Umi n = 0. 
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and using condition (4), we find that a fin can be con- 
s ide red  na r row when the following conditions are  sa t -  
isfied: 

2L(To--Tm)" dz J l; ~ z  = 2 ,  Or=O; 

Qo << I. 
~2 (T - -  Tin) 2 

The higher  the thermal  conductivity of the fin ma te r i a l ,  
the s t r i c t e r  is the assumption of smal lness  of y ' .  If 
Ol > 0, then du/dz  ~ ~o when q ~ 0, which means  that 
at the tip the fin contour becomes  ve r t i ca l .  However,  
if • = 0, then for  q ~ 0 du/dz  = 0 also.  The drawback 
of such a fin is the s imul taneous  vanishing of du/dz  
and of the ha l f - th ickness  u, although f rom the point of 
view of its c r o s s - s e c t i o n a l  a r e a  this fin is the abso-  
lute opt imum. The v e r y  sharp tip of the fin makes  it 
technological ly  imposs ib le .  

The necess i ty  to make the end par t  of the fin of 
thickness  2Umi n leads to a fin of composi te  contour. 
The eu rv i l i nea r  pa r t  of the fin up to u = Umi n is ca l -  
culated f rom formulas  (19) and (20), and its r e c t i l i n e a r  

pa r t  f rom known heat t r ans fe r  re la t ionsh ips  with the 
following boundary conditions (see Fig. la):  

& = O ,  q = q * ,  0 = 0 " ;  z l=l~ ,  q = O .  

The length of the fin r e c t i l i n e a r  pa r t  is  de te rmined  as 
follows: 

O* - -  q*lr: u~i~ l i  - -  V umt~ In (23) 
2 0* * ' "  "q'- q /i' Umin 

The heat  flux q* is de te rmined  f rom re la t ionship  (20) 
by sett ing u = Umin, and 0 l is the t empera tu re  which 
would obtain at the tip of a sharp fin without an addi-  
tional r e c t i l i n e a r  par t ,  

T e m p e r a t u r e  6" is obtained by se t t ing the heat  flux 
q = q* in fo rmula  (18). The t empe ra tu r e  of the f i n r e c -  
t i l inear  tip can be obtained f rom fo rmula  

/ 
O~ = O* V O* - -  q * / /  Umi~ . 

O* + q*l(  u.~i. 
(24) 

The o v e r - a l l  length of the fin is equal to the sum of 
the lengths of the cu rv i l i nea r  and r e c t i l i n e a r  par t s .  
These  magnitudes calculated by the fo rmulas  given 
here  are  shown in Fig. 3, f rom which it  is seen that 
the length of a fin d e c r e a s e s  with inc reas ing  6 l at a 
ra te  dependent on Umi n. The length of a fin with a 
na r row tip i nc rea se s  fas te r  than that of a thick fin. 
This i nc rease  is due to the lengthening of the c u r v i -  
l inear  pa r t  of the fin. A judicious se lec t ion  of t e m -  
pe ra tu re  0 l and due cons idera t ion  to the i n c r e a s e  of 
thickness  u at the fin root  and of its length l a re  r e -  
quired in o rde r  to reduce  the o v e r - a l l  d imensions  of 
the fin. T e m p e r a t u r e  0 l also affects  the fin c r o s s -  
sect ional  a r e a  f,  as shown by 

8 I --q'3/2 
f = ~ 1 - -  0 3 ~- 2t/min 11" (25)  

z 

/.5 - - - - ~  \ -.% 

\ 
Fig. 3. Dependence of fin 

length on t empera tu re  0l. 
The solid line r e l a t e s  to 

Umi n = 0.5, and the dashed 
line to Umi n = 0.2. 

The dependence of f or_ t empe ra tu r e  0 l is shown in 
Fig. 2. It is seen that the c r o s s - s e c t i o n a l  a r ea  has a 
mildly  sloping min imum in a wide range of t e m p e r a -  
tures  0 l, and that this min imum is dependent on the 
thickness u of the fin tip. The s m a l l e r  the thickness 

Umi n, the s m a l l e r  the a rea  f u n d  the lower  the t e m -  
pe ra tu re  0 l at which the mildly  sloping min imum is 
attained. The curves  in Figs.  2 and 3 show that a r e -  
duction of thickness Umi n leads to a d e c r e a s e  of the 
area,  but for  suff ic ient ly smal l  01 r e su l t s  in a longer  
fin (see Fig. 3 for the effect  of changing f rom Umi n = 
= 0.5 to Umi n = 0.2). When se lec t ing  0 l for a speci f ic  

case,  p r e f e r e n c e  is to be given to obtaining a fin of 
e i ther  min imum c r o s s - s e c t i o n a l  a rea ,  or min imum 
length l. 

T e m p e r a t u r e  d is t r ibut ion  along a sharp fin for  v a r i -  
ous t e m p e r a t u r e s  0 l is given in Fig. 4, which shows 
that for  01 d e c r e a s i n g  to ze ro  this d is t r ibut ion tends to 
be l inear .  The c r o s s - s e c t i o n a l  a r e a  of such fins is the 
smal les t ,  but the fin is v e r y  sharp. Actual fins of such 
sharpness  cannot be produced.  Hence l inear  d i s t r ibu-  
tion of t empe ra tu r e  does not obtain in these.  

NOTATION 

Q is the heat  flux; X is the coeff ic ient  of the rmal  
conductivity; y is the fin half-width; T is the t e m p e r -  
a ture  of the fin surface;  To is the t e m p e r a t u r e  of the 
fin root; T m is the t e m p e r a t u r e  of the medium; c~ is 
the hea t -exchange  coefficient;  x is the coordinate  along 
the fin center  line; F is the a rea  of the fin c ross  s e c -  
tion; q is the d imens ion less  heat  flux; f is the d imen-  
s ion less  area;  z is the d imens ion less  coordinate  along 
the fin een ter  line; u is the d imens ion less  half-width of 
the fin; 0 is the d imens ion less  t empera tu re ;  H is the 
Hamilton function; r and r a re  auxi l ia ry  functions; 
l l  is the d imens ion less  length of the fin r e c t i l i n e a r  
part ;  q* is the heat  flux at the junction of the twopar t s  

-V- 
o.0 0.8 (g /.0 x 

Fig. 4. T e m p e r a t u r e  dis t r ibut ion along 
the length of the fin. Numera ls  indicate 

values  of 0 I. 
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of the fin prof i le ;  ~ is  the t e m p e r a t u r e  of the tip of 
the r e c t i l i n e a r  p a r t  of a fin; and ~l i s  the t e m p e r a t u r e  
of the sharp  tip of a cu rv i l i nea r  fin. 
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